MTH6132, Relativity

Solutions to Problem Set 4

Rodrigo Panosso Macedo

Metric: coordinate change and matrix representation
Change of the differential form

a@x“aaxaoﬁx“182 3
dz® = wdﬂf/ = Md.ﬁlﬁ/ +wd$, a d ! 81'/3de . (1)

1. [7 points| Cartesian coordinates x* = (¢, x,y, z); spherical coordinates '* = (', 7,0, ¢) with

t=1t, x=rsinfsingy, y=rsinfcosy, 2z=rcosfh

e Use eq. (1) for a = 0:

ot ot ot ot
dt = %dt + a—dT + %dé + 8—dg0
= dt
dt? = dt"

e Useeq. (1) fora =1:

Jxr , Ox Ox Ox

= smé’smgpdr—i—rcos@smgodé’+rsiné’coscpd<p
de? = sin®6sin® o dr? 4 r? cos? 0 sin® p d6* + r* sin® 0 cos® ¢ dyp?
+27 sin 6 cos @ sin? @ drdf + 2r sin® 0 sin ¢ cos ¢ drde + 2r* cos 0 sin 0 sin ¢ cos ¢ dfdyp

e Use eq. (1) for a = 2:

dy dy Ay dy
dy = —=dt' +=dr+ —=df + —=dy
I R A TR
= sinfcospdr + rcosfcospdf — rsinfsinpdy
dy? = sin?6cos® o dr? + r* cos® 0 cos® p df* + r? sin® f sin® ¢ d?

+2r sin 6 cos @ cos?  drdf — 2r sin? 0 cos @ sin @ drdyp — 2r* cos 0 sin 0 sin ¢ cos @ dfdp

e Use eq. (1) for a = 3:

0z 0z 0z 0z
dz = %dt + a—dT + %de + a—dgp
= cosO@dr —rsinfdf

dz?> = cos?0dr® + r?sin? 0 dh? — 2r sin 0 cos 6 drdb

Thus,



ds* = —dt” + (sin2 0 sin® ¢ + sin?  cos? ¢ + cos? 0) dr?
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+ (r2 sin? § cos® ¢ + 72 sin”  sin” go) dyp?
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r2sin? 6

2r sin @ cos A sin? ¢ + 2r sin @ cos 6 cos® p — 2r sin § cos 9) drdd
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(27“ sin? @ sin ¢ cos ¢ — 2r sin” f cos ¢ sin gp) drdp
0

2r% cos 6 sin 6 sin ¢ cos p — 212 cos @ sin @ sin ¢ cos go) dbdy
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ds* = —dt"”* +dr® + r2d6? + r*sin’ dy.

2. [7 points| Spherical coordinates z% = (¢, 7,0, ¢), new coordinates '* = (u, R, O, ¢)

e Useeq. (1) fora=1,a=2,a=3:
dr=dR, df=dO, dy=dp

e Use eq. (1) for a = 0:
dr
dt = du+ ——=dR
u+ iR

with
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Thus,

1
dt = d —d
U+ 7 R
1 2
2 2 2
dt* = du +—F2dR +—qudR.



Finally

1 2 1
ds? — —F(du2 _,_%4_ qudR) +J—7,dﬂ-?/2v+ R%*dO? + R? sin® Od¢?

2
= —Fdu®— qudR + R*dO?* + R*sin? Od¢?

3. [7 points] Expand general form of line element

ds® = gu dztda®
= goo (dz°)* + go1 dx’dx* + gy d2’dx® + gos dz’da®
+g10 dztdz® + g1y (dah)? + gip datda® + g1 dotda?
= +go0 dr?dz® + go1 dx*dzt + goo (dx2)2 + Go3 dz?da?
= 430 dr’da® + gg drPdat + gso drPda® + gss (d?)?.

(a) For 2° = (u, R, 09, ¢)

ds* = goo (du)? + go1 dudR + gop dud® + gos dudde
— tgiwdRdu+ g (dR)? + gio RO + g3 dRd
= 420 dOdu + gy dOAR + gy (dO)* + gos dOd
= +g30 dedu + g1 dpdR + gso dpdO + gs3 (dg)*.

Compare with eq. (2) in problem set 4. ATTENTION: mixed terms contribute twice: e.g., —2e*’dudR =

—e?8 dudR —e* dRdu. For simplicity, let U = (%ew - 92R262"‘>
—~— —~—

go1 gio
U  —e? —gR%e* 0
I | 0 0
Gab = —gR262a 0 R2e2e 0
0 0 0 R%e2%sin? ©

—F -1 0 0
[ =1 0 o 0
gab =1 o 0 R2 0

0 0 0 R%sin’O

Comparing with solution from 3.(a), one gets o = f = g = 0 and f(R) = RF(R). (c) Inverse
Matrix

4. [3 points] Metric and its inverse

1 0 0 1 0 0
gw=| 0 1 0 , 9= 0 2 0
0 0 r2sin?6 0 0 r2sin?40



(a) Given X® = (1,r,7?), calculate X, = g,,X°. Expressing it as matrix vector multiplication

Xy gi11 G912 913 X1
Xo = go1 g22 go3 X2
X3 g31 932 933 X3
X, 1 0 0

X9 = 0 r? 0 T
X3 0 0 r2sin?6 r?
X1 1

X2 = ’I“3

X3 r*sin? 6

(b) Given Y, = (0, —r%,72 cos? §), calculate Y = g?Y,. Expressing it as matrix vector multi-
plication

vl gl g2 g8 Y,
v2 _ PG g Y,
y3 Pl g Y,
1 0 0 1
= 0 r2 0 —r?
0 0 7r2sin72%6 r2 cos? 6
1
= —1
cot? 4

0 r? 0 r2
W, = (0,2). First approach: V - W = g,,VeW?°. One needs W° = ¢g**W,. Expressing it as matrix

vector multiplication
wi - 1 0 0\ 0
W2 B 0 r2 2 )\ 2r2

V-W = guaVWw?

4. [5 points| Metric and its inverse gq, = ( L0 ) . 9P = ( L0 ) . Given V' = (1,1) and

Thus!.

0
G VIF e W2 4 g VW 4 gV
= 1r*r?2=2

Second approach V- W = VoW, = VW, 4+ V2W, = 2.
Both methods must agree because

gabvawb =V gabWb = VaWa

Wa

INote that the expression gq,V*W? can be expressed as
Vl
Vew?rt = (Wl w2 911 g12 ’
Jab ( ) 921 g22 V2
whereas VW, as

1
VaWa:(Wl WQ)(&Q),



